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Square Linear Algebraic Systems

o Scalar representation
Ay Ky T A Xy +o+ X, = b1
a, X, +a,,X, +--+a,, X =h, 2%, —3X, =3
' — X, —2X, =6
a. X +a,X, +---+a X =b

o Matrix representation: Ax=D0b

d; Qp, Ay, X b1

a, a, - a X b

A _ .21 .22 . .Zn X — 2 b _ .2
_anl Ao ann_ _Xn_ _bn_

o Homogeneous system: b =0
» Trivial solution: x =0
» Seek non-trivial solutions
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Triangular Systems

o Example
2 0 O0fx| |4
1 -1 0|x,|=|3
-2 -3 2| x| |1

o Solution
2%, =4=> X =2

X=X =3=>X%X,=%X—-3=-1
— 2%, —3X, +2X, =1= X, :1+2X12+3X2 =1

« Gauss elimination
» Transform original system into diagonal form
» Accomplished by elementary row operations
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Gauss Elimination

o Augmented matrix

Ax=b = A=[A b]=

o Elementary row operations

» Interchange of two rows

» Multiplication of a row by a non-zero constant

Ay

a

ml

» Addition of a constant multiple of one row to

another row

» Operations on columns are not allowed because
only the rows represent equations

« Perform row operations until augmented system

becomes triangular
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Gauss Elimination Example #1

o Form augmented matrix

3

—2

-5 4
—4 3

2
-3
—2

X, -1
X, | =
X4 1

= A

3 -2 2
5 4 -3
-4 3 -2

« Eliminate x, from second and third equations

3

—2

0 4-10/3
0 3-8/3

2
—3+10/3
—2+8/3

-1
3-5/3
1-4/3]

3
0
0

-2 2
2/3 1/3
1/3 2/3

4/3

~1/3
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Gauss Elimination Example #1

« Eliminate x, from third equation

3
0
0

—2
213
0

2

1/3
2/3-1/6

-1
4/3

-1/3-4/6

« Solve triangular system

3

0

—2
0 2/3 1/3
1/2 | x,

0

o Solution 1s unique

3 -2 2
0 2/3 1/3
0 0 1/2
x| [ 3
X, |[=| 3

X;| | —2]
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Gauss Elimination Example #2

Form augmented matrix

Equations:

1
-1
1

1
-1
1

1 1| x
-1 2 | X
1 0| X

1
-1
1

-1
2
0

X, + X, — X,

2
0

-1

X3

Eliminate x, from second and third equations

_1 1 1 -1 -1
2| = A=|-1 -1 2 2
0 | 1 1 0 0
1 1 -1 -1] [1 1 -1 -1]
00 1 1/=l00 1 1
00 1 1]]00 0 0O
—1

Infinite number of solutions
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Gauss Elimination Example #3

Form augmented matrix

1 1 -1 -1
-1 -1 2 1
1 1 0 O
Equations:

X +X,—X%=-1 0=-1,

No solution exists

1 1 -1
-1 -1 2
1 1 0

-1

1 — Qiz

0

0 0 1

0 0 1

X =1

0
1

-1

Eliminate x, from second and third equations
1 1 -1

1 1 -1 -1
1 -1 2 1
1 1 0 0
11 -1 -1
=10 0 0 -1
00 1 1
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Matrix Rank

o After Gauss elimination the augmented
matrix [A|b] can be represented in row

echelon form [R|f]:

o The rank r of the matrix A is equal to the

r-11

0

0

h, - I
Ny, - Iy
0 r.
0 0
0 0

0

number of non-zero rows of R

7A
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Matrix Rank

AX=Db

No solution exists If r < n and at least one
number {f,,,....f,} 1S non-zero. The system Is
called |ncon3|stent

The system Is called consistent and solutions
exist If:

» r=nor
» r <nand all the numbers {f..,,...,f,} are zero
Example 1. r = 3 = n (unique solution)

Example 2: r =2 <n =3 and f; = 0 (infinite
number of solutions)

Example 3:r=2<n=3andf; =-1(no
solutions)
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Gauss Elimination Example #4

o Form augmented matrix

0 8 2 x| [-7 0 8 2 -7
35 2|x,|=[/8| = A=[3 5 2 8
6 2 8|x| |26 6 2 8 26

o EXxchange equations 1 and 3 to obtain the
largest possible non-zero pivot a,;. Multiple the
pivot equation by -0.5 and add to the second
equation.

6 2 8 26 6 2 8 26
352 8| = (04 -2 -5
0 8 2 -7 08 2 -7
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Gauss Elimination Example #4

o EXxchange equations 2 and 3 to obtain the
largest possible non-zero pivot a,,. Multiple the
pivot equation by -0.5 and add to the third

equation.

6 2 8 26| 6 2 8 26 |
08 2 -7\ = |08 2 -7
0 4 -2 -5 0 0 -3 -15

« Solve triangular system

X, 4
X, | =] -1
X5 _0.5_

« Small pivots can cause numerical problems
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Gauss Elimination Example #5

o Form the augmented matrix:

0.0004 1.402 | x | |1.406 L Ao 0.0004 1.402 1.406
0.4003 -1.502 | X, 0.4003 -1.502 2.501

2.501

« Do not pivot. Instead multiple the first equation
by -0.4003/0.004 = 1001 and add to the second
equation using 4 significant digits.

0.0004 1.402 1.406
0 —1405 -1404

 Solution of triangular system not equal to true

solution
X | | 125 X | (10
X, | |0.9993 x,| |1

UMASS.



Computational Efficiency

o Gauss elimination requires two steps
» Forward elimination to form a triangular system
» Back substitution to solve the triangular system

o T0 solve a nxn system of equations the
number of operations f scales as:

» Elimination: f(n) = O(n3)
» Substitution: f(n) = O(n?)

o If each operation requires 10-° seconds:

n = 1000 n = 10000

Elimination ~1 seconds ~10 minutes
Substitution ~0.001 seconds ~0.1 seconds
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