
Numerical Integration and Differentiation

1. Function interpolation

2. Numerical integration

3. Numerical differentiation
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Function Interpolation

The interpolation problem

» Given values of an unknown function f(x) at values x = 

x0, x1, …, xn, find approximate values of f(x) between 

these values

Polynomial interpolation

» Find nth-order polynomial pn(x) that approximates the 

function f(x) and provides exact agreement at the n+1 

node points:

» Can prove that the polynomial pn(x) is unique (see text)

» Interpolation: evaluate pn(x) for x0 < x < xn

» Extrapolation: evaluate pn(x) for x0 > x > xn
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Motivation for Polynomial Interpolation

Practical

» Polynomials are readily differentiated and integrated

» Polynomials are linearly parameterized

Theoretical – Weierstrass approximation theorem

» Any continuous function f(x) can be approximated to 

arbitrary accuracy on an interval with a polynomial pn(x) 

of sufficiently high order:
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Lagrange Interpolation: Linear

Linear interpolation

» Interpolate the two points [x0,f(x0)], [x1,f(x1)]

Lagrange polynomial
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Lagrange Interpolation: Quadratic

Quadratic interpolation

» Interpolate the three points [x0,f(x0)], [x1,f(x1)], [x2,f(x2)]

Lagrange polynomial
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Lagrange Interpolation: Theory

General case

» Formulas for Lagrange polynomials given in text

Error estimate

» If f(x) has a continuous (n+1)-st derivative, then the 

polynomial approximation has the error:

» The error is zero at the node points and small near the 

node points → more node points improve accuracy

» The error may be large away from the node points →

extrapolation is risky
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Numerical Integration

Definite integral

» Many problems do not admit analytical solution F(x)

» Need numerical methods to evaluate integral

Rectangular rule

» Divide interval into n subintervals of equal length:

» Evaluate function at midpoint of each interval
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Trapezoidal Rule

Divide interval into n subintervals of equal length h

Approximate integral by n trapezoids

Error estimate

»  = difference between actual and approximate integrals

» M2 = largest value of d2f/dx2 in the interval [a,b]

» M2
* = smallest value of d2f/dx2 in the interval [a,b]
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Simpson’s Rule

Divide interval into an even number n = 2m
subintervals of equal length h

Evaluate function at endpoints of subintervals: a, x1, 
x2, …, x2m-1, b

Approximate function over two subintervals using 
Lagrange interpolation polynomial p2(x):

Define new variable
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Simpson’s Rule cont.

Perform integration over first two subintervals:

Sum integrals over all m intervals:

Error bounds

» M4 = largest value of d4f/dx4 in the interval [a,b]

» M4
* = smallest value of d4f/dx4 in the interval [a,b]
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Gaussian Quadrature

Introduce new independent variable

Approximate integral

» Node points tj not equally spaced

» Aj are the Gaussian weights

Evaluating sum
» Select number of node points n

» Determine tj as roots of nth-order Legendre polynomial

» Determine Aj using Lagrange interpolation polynomial
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Gaussian Quadrature cont.

Example – third-order approximation
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Gaussian Quadrature Example

Analytical solution

Variable transformation

Approximate solution

Approximation error = 4x10-3%
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Approximation Accuracy

Degree of precision (DP)
» Maximum order of polynomial for which the integration 

formula provides an exact answer

Trapezoidal rule 
» Error O(h2)

» DP = 1

» Perfect approximation only for linear functions

Simpson’s rule
» Error O(h4 )

» DP = 3

» Perfect approximation up to cubic functions

Gaussian quadrature
» DP = n–1

» Perfect approximation possible for any polynomial function
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Numerical Differentiation

Introduction

» Often need to approximate derivatives to solve ODE models

» Numerical differentiation: approximate derivatives of a function 

using only functional values

» Can introduce large errors due to data noise and numerical 

inaccuracies

Definition of derivative

Finite difference approximations
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Second-Order Finite Differences

Forward difference

Analogous formulas for backward and central 
differences

More accurate formulas can de derived by 
differentiating Lagrange interpolation polynomials
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Lagrange Interpolation Polynomials

Approximate f(x) with Lagrange polynomial p2(x)

Compute derivative

Evaluate at different x values
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