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Mixed Boundary Value ODEs

o All the ODE systems we have considered
thus far are initial value problems (I\VPs)

dy _ ay _ _
= =fxy) ¥y =y o TLy) y(0) =y,

o I\VPs are solved by integrating the ODES
forward in space or time using the initial
condition specifiedatz=0ort=0

» ODE systems in which boundary conditions
are specified at two or more boundaries are
known as mixed boundary values problems

» Mixed boundary values problems cannot be
solved like IVPs
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Mixed Boundary Value ODEs

o A simple mixed boundary value problem
(MVBP)

d dw
S=h@yw yO=y,  =fEyw wh)=w

n Boundary conditions are specified at the two
ends of the domain [0, L]

o The first equation needs to be integrated
fromOtoL

o The second equation needs to be integrated
romLto0

o Different numerical solution methods are
needed for this class of ODESs
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A Linear Example

» Mixed boundary value problem (MVBP)

d—yz—y+2W y(0) =1 d—W:Zy—w w(l) =2
dz dz

o Matrix representation

d{y| [-1 2]y y(0)| |1
dz{w| |2 -1|w W@ | |2
n Elgenvalues and eigenvectors
- oh
=1 x¥= A, =-3 x¥ =
& 1| -1




A Linear Example

o Solution form

X(2) =

o Apply boundary conditions

y(0)

y(z)

(W(l)_

W(z)_

1
2

:Cl

=c,xYe™ 4+ ¢, xPe* =,

o Final solution

X(2) =

y(z)

|W(z)_

0
+C,

1

=0.74

e® |
_e_3 :>
e’ +0.26

e’ +c,

0.74

0.26
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Mixed Boundary Value ODEs

Countercurrent Heat Exchanger
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Countercurrent Heat Exchanger

o Heat exchangers are used to transfer heat from

one flowing fluid to another flowing fluid.
o The rate of heat transfer depends on the local

temperature difference between the two fluids.
o A larger average temperature difference can be

achieved with countercurrent flow of the two

fluids

o The temperatures of the fluids at their respective
entrance points represent mixed boundary values
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Countercurrent Heat Exchanger

o Process schematic
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Countercurrent Heat Exchanger

» Energy balance on cold stream
0 =[wCp (T -T)| - [WC, (. -T)) .,

-
Energy accumulation -

+UWAz(T, -T.)

SV
Energy in Energy out Energy transfer in

Z—I—Z

—we, @ -1)] . -[wc,. T)]}
AZ

n Takethe limitas Az =2 0
dlw,C, (T, -T)]
dz

0=

UW(Th _Tc)

+UW(T, —-T,)

0=-w_C,, T
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Countercurrent Heat Exchanger

n Energy balance on hot stream
0  =wC,(T-T)| [thhC(T -T,)], ~Uwaz(T, - T.)

- Z+Az
Energ rgy in Ene rgy out Energy tra nsfer out

o

Energy accumulati on

dT
0=-w,C, d—zh+UW(Th -T.) T.(L)=T,.

p

» Mixed value boundary problem

dT, __UW_ (T,-T.) T.(0)=T,
dz wC,
dT, __uw

T,-T,) T.(L)=T
dZ Wthh( h c) h( ) hL
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Mixed Boundary Value ODEs

Shooting Solution Method



The Shooting Method

» A simple mixed boundary value problem (MBVP)

d dw
S=h@yw) yO=y,  T=fEyw wl)=w

o Analytical solution is not possible if the ODEs are
nonlinear

o The objective of the shooting method Is to convert the
MBVP to an IVP

o The unknown boundary value w(0) Is guessed

o Then the two coupled ODEs can be integrated
simultaneously from 0 to L

n 1T w(L) #w,, then a new guess is required

n The procedure is repeated until w(L) = w, to yield y(z)
and w(z) that satisfy the specified boundary conditions

o There are rational ways to pick w(0), but they are not
discussed here
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Heat Exchanger Example

n Countercurrent heat exchanger
dT, Uw

© — T,-T.) T.(0)=T
- WcCpc( 1) T(0) =T
dT,  UW

= T,-T.) T.(L)=T
dZ Wthh( h c) h( ) hL

» Parameter values (all Sl units): L =10; U
=100, W =10; w, = 5, C,. = 4000, w, = 1,
Cpn = 6000

» Boundary conditions: T, =50, T,, =300
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Heat Exchanger Example

function f = heat_exchanger(z,x)
WC = 5;
cpc = 4000;
wh = 1;
cph = 6000;
u =100;
w = 10;
tc = x(1);
th = x(2);
f(1) = u*w/(wc*cpc)*(th-tc);
f(2) = u*w/(wh*cph)*(th-tc);
f="1,
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Heat Exchanger Example

| L | | [ —
Guess Ty,(0) = 100 :
>> [z,x]=0de45(@heat_exchanger,[0 10],[50 100],[]):;
250 X:lo r
Y:257.9
ook r
C
2 150

50"

Position (m)
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Heat Exchanger Example

Temperature (C)

500

450

400

350

300

250

200

150 =

100

50"

Guess T,(0) = 125 m

>> [z,x]=0de45(@heat_exchanger,[0 10],[50 125],[1); e |
/ cold

~ hot |

— - / | ﬁ
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Position (m)
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Heat Exchanger Example

Temperature (C)

300

250

N
o
o

=
(o)
o

100

50 ——

L L L

Guess T,(0) = 105

>> [z,x]=0de45(@heat_exchanger,[0 10],[50 105],[1);

X: 10
Y:278.7

cold
hot

Position (m)

10
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Heat Exchanger Example

Temperature (C)

300

250 [~

200 [~

100

50"

[ [ [ [ [ [ 1 - L
X: 10

Guess T,(0) = 110.1 Y: 300
>> [z,x]=0de45(@heat_exchanger,[0 10],[50 110.1],[1);

cold
hot

Position (m)
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