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Ordinary Differential Equation Systems

Matrix Representation of ODE Systems



Introduction

Sets of coupled ordinary differential
equations (ODEs) are most conveniently
represented and analyzed as ODE systems

Unique solutions of ODE systems are
guaranteed to exist under reasonably mild
assumptions

Systems of linear ODESs can be solved
analytically using eigenvalues and
elgenvectors

Systems of nonlinear ODEs usually require
numerical solution using tools such as
MATLAB
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ODE System Representation

o 2-dimensional nonlinear system

» = fl(X’ Y1 yZ)

d
yxz = f,(X, ¥y, Y,)

f(x,y)=

RACAAAN
LG YL Y)

o n-dimensional nonlinear system

(G YY)

Y1

Yo

Y1

Yn

d
d—y=f(x,y>
X

dy

=T(x,y)
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Nonlinear System Example

n Batch chemical reactor

~& =KCiCs ~k,CuCo —3KC,CE

dc,

dC

dt

dc,
dt

=-2k,C2C, -k,C,C. C,(0)=C,,

— _klcicB - k3CBC3

CB (O) — CBO

C.(0)=0

o Nonlinear system representation

Yo =

CAO
CBO

0

_2k,C2C, —k,C,C,
_ k1CA2\CB o kSCBCg
k,C:C, —k,C,C. —3k,C,C?
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Existence and Unigueness of Solutions

o Initial value problem (1VVP)
d
S=f0y) Yx) =Yy
X

o Jacobian matrix
of (x,y)/ey, --- of(Xy)/oy,

J(X,y) = oy

O (xY)/oy, - O (X% Y)/0Y,

o Theorem

» A solution is a differentiable vector function y = h(x) defined
on some Iinterval a < x < b containing X, that satisfies the 1\VVP

» Let f(x,y) be a continuous function with a continuous Jacobian
matrix in some domain containing the initial condition, then
the IVVP has a unique solution on some interval containing X,
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Conversion to ODE System

o Second-order nonlinear ODE
d’y dy
:F X, —,
dx’ ( dx yj

o State variable definition

y
y

Y2 dx

o System of 15t-order ODEs

d

o f(x y){ ”: } Y txy)
d ) _ _ )
TE=Foy,) Y Ya) ] dx
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dy,

dx
dy,

ODE System Representation

o 2-dimensional linear system

d
% = a‘il(x) Yit+ay, (X) Y,
dy

dx

—2 = a21(X) Y1+ 8y (X) Y,

g

y,| dx

o n-dimensional linear system

:all(x)yl_i_'“_i_aln(x)yn

X = anl(x)yl +“'+ann(x)yn

y=|:
| Yn |

Y1

A(X) =

Vo | dy |au(X) a,(X)
an(x) ay,(x)

ay(x) o

ay(X) -

a, (X) |

3, (X)

}y =A(X)y
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Homogeneous Linear Systems

o Initial value problem (1VP)
d
d—i’ =AY Y(X) =Y,

» Let A(X) be a continuous function in some domain
containing the initial condition, then the IVVP has a
unique solution on some interval containing x,

o Solution form

» Given two solutions y((x) and y(x), any linear
combination of these two solutions is also a solution:
y(X) = ¢; yD(X)+c,y (%)

» The n linearly independent solutions y(x), yd(x),...,
y(M(x) form a basis for the general solution

» General solution:

Y00 =6y () + ¢y (0 +--+ ¢y (9
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Non-Homogeneous Linear Systems

o Initial value problem (1VP)

g_y =AMX)Yy+9(x) Y(X) =Y,
X

» Let A(x) and g(x) be continuous functions in some
domain containing the initial condition, then the IVP
has a unique solution on some interval containing X,

o Solution form

» The general solution has the following form where
y(M(x) is the solution of the homogeneous equation and

y®)(x) is a particular solution of the nonhomogeneous
equation:

y(x) =y (x) +yP (x)

» The particular solution can be obtained using the
method of variation of parameters (see text)
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ODE System Representation

o 2-dimensional linear system with constant
coefficients

dy

1
=8y Y, TapY

dC;/X Lt 272 y:|:y1:| 3y:|:211 :12:|y:Ay

d—X2 =du Y ta,Y, & . 4T

o n-dimensional linear system with constant
coefficients

%— 4o+ Ve B ]
dx =a; Y A, Yy Y, a, - a, ;
5 y= | A= i | Zoay
dy dx
n — anlyl _|_..._|_annyn yn anl ann

dx T - -
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Linear System Example

o TWO storage tanks in series

B _h20_

th

=Ay+Db

dn, w —C_ h
d 1 _ vl hl(o) — th
t PA
ddhz _ Cvlhl _Cvzh h2 (O) _ h20
t PA,
o Linear ODE system representation
.
y= Yo =
_ h,]
dy | CKl 0 W
0 i
— = +
dt C:vl . CV2 y ,066‘1
PA PA LT

y(O) = Yo
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Conversion to Homogeneous System

o Non-homogeneous linear system

%:Aerb 0=Ay+b = y=-A"b

» Homogeneous linear system

_ dy' dy L
() =y(t) - =—=A(Yy+Y)+Db
y'(t)=y(t)-y I (Y+Y)

dy’ , _ , , _
G SAYTACATD) tb=AY  Y(0)=y(0)-y
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Matrix Diagonalization

o Initial value problem (IVP)

dy _
dx

o Matrix diagonalization

» If the nxn matrix A has n distinct eigenvalues, the
eigenvectors x, x@, .., x™ are linearly independent

» The nxn modal matrix X Is formed with these eigenvectors
as column vectors

» The similarity transformation D = X-*AX diagonalizes the

AY  Y(X)=Y,

matrix A
a Ay, oA, o0 0
A=l B Bl p_oyaxo| D e O

dy Q,, 0 Ay, _O 0 - ﬂ“n_
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Solution of the Diagonalized System

n  Variable transformation
z(x)=X"y(x) = y(x)=Xz(x)

o Transformed equations

4, 0 0
X9 _axz = 2 _siaxz—pz=| . 2 7 Y,
dX dx : : SR

0 0 A

y(0)=Xz(0)=y, = z(0)=X"y,

o Solution of the decoupled equations

dz

dx =4z, = z;,()=2;(0" j=12,...n
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Solution of the Original System

Variable transformation

y(x):Xz(x):[x(l) x? ... x(”)]z(x)

Solution form

y(X) =xYz,(X) +xDz,(X) +---+x"z_(X)

y(X) = Zl (O)X(l)eﬂlx 4 22 (O)X(Z)elzx NI Zn (O)X(n)elnx

If the eigenvectors x(, x@_ ... x™ of the constant
matrix A are linearly independent, then the general
solution of the IVP is:

_ @Dk (n) g /nX
y(X) =cx~e* +...+C X"'e

UMASS.



Isothermal Batch Reactor

o Chemical reactor model: A > B 2> C

d;:tA = —kC, dd% =k,C,—k,C, C,(0)=10,C,(0)=0

» Elgenvalue calculation: k; =1, k, =2

[Ca®] dy [-1 07
y(t)_{CB(t)} dt{l —2}y_Ay

0 1
=-2 xW= A =-1 x?=
e R

o Linear ODE solution

CL(t 0 1
y(t) = W01 cxPe™ +cxPe™ =¢| e +c,| o
C, (t) 1 1
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Isothermal Batch Reactor

(|

Linear ODE solution

|G| (0] 1|
y<°{cga>}ﬂe “He

Apply initial conditions

GHEHEH

Formulate matrix problem

y(0) {

5 e

Ce (0)

Solution

|

Ca(t)
Ce (1)

o

CA(O)}

0
1

= |al 50

e ' +10 . et = 10"
1 | —10e™ +10e™ |
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Plot of Solution

Concentration (g/L)

10

Time (min)
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