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Generalized Linear Systems

o Linear algebraic system

Ay X, tapX, +---+a, X, = b1
8y X +8yuX, +-+a,, X, =D,

a X +a X +---+a X =b

o Completely defined system: m=n
» Equal number of equations and unknowns
» Unique solution exists if det(A) is non-zero

o Overdetermined system: m>n
» More equations than unknowns
» No solution generally exists

o Underdetermined system: m<n
» More unknowns than equations
» Infinite number of solutions
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Overdetermined Systems

1 Problem: Ax=Db

» Not enough unknowns to satisfy all the equations
» FInd AX “closest” to b
» Common problem in linear and polynomial regression

o Minimize least-squares error measure
e=AX-Db
2
ee=¢ +& ++e, =|g,
min® =¢'e = (Ax—b)' (Ax —Db)
X
o Minimization

do

d T
- =0=—(Ax=b)" (Ax-b)
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Overdetermined Systems

o Matrix differentiation formula

d(Ax—b)" (Ax—b) d

=2A"(Ax-b) = —=2A"(Ax-b)=0
dx dx

o Normal equations: (ATA)x = ATb

o Solution: x = (ATA)*Ab
» ATA must be nonsingular
» (ATA)LAT is called the left inverse matrix

» The solution x minimizes the least-squares difference
from zero over all the equations
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Overdetermined Systems Example

o Linear system with 3 equations and 2 unknowns

1 2
2 -1

TAV-LAT {9 2}
x=(ATA)TATh =

-2 -1

25
—25

ATA:{

2 6

1 2

|

T 2
2 _1

N

1
2

2

25
—25

—2
-1

-1
_2 _

1

[9 2
12 6

-]

o The solution X minimizes the least-squares error

o No other x can make ||e

& =X +2X,—25=8

&3

—2X, — X, +25=10

2
8”2 =g’ +es+el =200

, Smaller

|
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Underdetermined Systems

g

O

Problem: AX=Db

» T00 many unknowns
» Find the “smallest™ X that satisfies the equations

Minimize least-squares error measure

min @ = = x7x = x|’
X 2 2"l
subjectto: Ax =D

Minimization problem

» Convert constrained problem into unconstrained
problem

» Utilize method of Lagrange multipliers

Solution: x = AT(AAT)1b

» AAT must be nonsingular

» AT(AAT)1 is called the right inverse
» Called the minimum norm solution
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Underdetermined System Example

o Linear system with 2 equations and 3 unknowns

1 2

1 2 -2 25 12 -2 9 2
2 1 -1 _25 2 —1 -1 2 6
E 2_9 21T 25 T
x=AT(AA")'b=| 2 -1 —| 135
2 6| |-25
-2 -1 25

o The least-squares solution x satisfies both
equations exactly

o No x with smaller |[x||, can satisfy the equations
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Linear Regression

O

O

O

O

O

Linear algebraic equation: y = a,U+a,

Perform N experiments: u; =2 Vi, {U;, Yi}

Linear regression equation: V. = U, + ¢,

Y1
Y,

YN

2 unknowns (a.;,a,,) and N equations (N > 2)

Formulate overdetermined least-squares
problem:

7A
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Linear Regression Example

n Effect of monomer concentration (u) on
the polymer production rate (y)

u 0 2 4 9 8

y 0 30 78 143 225

» Formulate A matrix and b vector

0 1] [o0
2 1 30
A=|4 1| b=| 78
6 1 143
8 1| |25

7A
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Linear Regression Example

aq
X =
a

(A"A)”

_1
200

}: (ATA)TATD :{

5

0.025

-0.1

o Form and invert ATA

o o B~ N O

-0.
0.6

N

)|

-20 120

1

[120 20
1 20

3
|

0 2 4 6 8
1 1 111

0.025
-0.1

1 Compute parameter estimates

-0.1
0.6

30
/8
143
225

28.15
-17.40
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Linear Regression Example

» Compute sum of squared errors

Yi= Y U, + &y —
Y2—Y> U, + 0y —
e=AX-D=|Y,-y; |=| U+, —
Yo=Y, U, + 0y —

Ys — Ys oqUs + oy —

e'e=[174 -89 -17.2 85 17.2]

y, | [ 17.4 ]
Y1 —8.9
y, |=|—-17.2
8.5
Ys | | 17.2

Ya

- 17.4 ]
—-8.9

-17.2
8.5

172

=1046
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Linear Regression Example

Polymer Production Rate
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Polynomial Regression

» Polynomial equation: y = o, u"ao, (U™ ++ o, Ut+aoy,
» Perform N experiments: u; =2 Vy;, {u;, y;}
n Regression equation:

AN n n—-1

» n+1 unknowns (o, ...,a,) and N equations (N > n+1)
n Formulate overdetermined least-squares problem:

u' u 1| «, Y,
n n-1

u, u, 1| @, _ Y, . Ax=bh
. 1. .

Uy Uy L oo | [ Yn]
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Quadratic Regression Example

n Effect of monomer concentration (u) on
polymer production rate (y)

u 0 2 4 9 8

y 0 30 78 143 225

» Formulate A matrix and b vector

0 0 1 0
4 21 30
A=|16 4 1| b=| 78
36 6 1 143

64 8 1| 225

7A
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Quadratic Regression Example

1 Compute parameter estimates

a, 5664 800 12070 4
x=|a, |=(ATA)*ATb=| 800 120 1200 2
a, 20 120 5 |1 1

16 36
4 6
1 1

n Compute sum of squared errors

e'e=[-0.11 026 -0.09 -0.14 0.09

|

—0.11]
0.26

[ —0.09

~0.14

| 0.09

647 30
8 | 78
1 | 143

225

=0.11

- 2.16 |
10.86

-0.11
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Quadratic Regression Example

Polymer Production Rate
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