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Typical Binary Distillation Problem
Drawing the McCabe-Thiele Diagram
Cubic B-Splines to Fit Equilibrium Data
Solving Cubic Equation

Using Excel to Draw the Diagram
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EtOH-Water Equil.

Data @ 1 atm

Orjuela et al., Fluid Phase Equil.,

Vol 290, pages 63-67, 2010
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2 0.0061
ET 0.0145
B 0.0237
5 0.0310
I 0.0490
0.0652
EP 0.0968
I 0.1394
0.3261
0.4635
0.5413
0.6856
0.7760
0.8403
8 0.0037
B 0.9725
8 0.9504
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0.1539
0.2301
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0.3559
0.4181
0.4534
0.5314
0.6047
0.6518
0.6751
0.7451
0.8005
0.8457
0.9010
0.9721
0.9774

FEED:
10 mol% EtOH
90 mol% Water
1atm
80 mole% liquid

AZEOTROPE:
Note that for
the last few
points, x >y

® Typical Distillation Problem

DISTILLATE:
85 mol% EtOH

" 1" W “ 15 mol% Water
£ HH- = »p> RR=3,1atm
A E ’2 " ) Reflux Distillate
E : [ 2 Reflux Ratio:
g0 [ T | rr=r
& éhi b
|
reeds L 0L ﬂ% 2. Optimum Feed Stage
| 0 3. Azeotrope
5 E =
i 0T]
HH
£, BOTTOMS:
O HH e . 1 moI% EXOH
s 99 mol% Water

1atm

McCabe-Thiele Diagrams: John L. ‘G0ssage

FIND:
1. Required Equilibrium Stages



Drawing McCabe-Thiele Diagram

Plot Equilibrium Data Points
Draw 45° Line

Draw Feed Line

Draw Rectifying Operating Line
Draw Stripping Operating Line
Draw Equilibrium Curve

Draw Equilibrium Stages

Find Azeotrope

By O = W
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heat needed to vaporize 1 mole 1.0
( of feed at entering conditions )
molar latent heat of 0.9
(vaporization of feed)

So, for a saturated feed: 0.8
q = liquid fraction 07

Feed Line Orientation: 06

Sat'd Liq, g=1, slope=00

-«

3. Draw Feed Line:

i Feed Line:
Slope = q/(q-1)




4. Draw Rectifying Operating Line:

1.0 -
_t Feed Line: Rectifying Operating Line:
S

0.9 )
lope = q/(g-1) Slope = RR/(RR+1)

0.8

0.7

0.6

0.5

0.4

Intersection of Rectifying

0.3 Operating Line & Feed Line

0.2

0.1 (Xe,Xg)

0.0

:John L.



5. Draw Stripping Operating Line:

1.0 -
. Rectifying Operating Line: @
0.9 | FeedLine: Slope = RR/(RR+1)

Slope = a/(g-1)

0.8 - \I
0.7 - *

0.6 - *
*
0.5
*
0.4 -
Intersection of Rectifying
03 - Operating Line & Feed Line

0.2 - . ' Stripping Operating Line
* -
\
0.1 - (Xe,Xg)

0-0 - T T T T T

:John L.



6. Draw Equilibrium Curve:

/ p¢f!g’ This is where the problem becomes tricky, as shown here:

: "Engé':,f,ca’f‘““
- A e Examples of student efforts to
A L ~ . hand-draw this McCabe-Thiele
) FL-J/ = =1 diagram given a graph with
e / ' il pre-plotted data points.
t A izaeg(jéségl A Stage.s: 20 Note how equilibrium curves
V] ' _ 1V Feed..17 vary, so Number of Stages and
— | PO I ' Feed Stage also vary.
v f: 5 .-~ | Over the whole class, the
e ; s ~ . Number of Stages ranged
| P - from 9 to 38, and the Feed
[ 7 ' / Stage ranged from 8 to 37.
_-' Stages: 16 i Stages: 38 -
Feed: 15 : LJ T Feed: 37 Time to draw =15 minutes.

(0%



Alternatives to Hand-Drawing
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PPz Equilibrium Curve: Linear Interpolation

1. Play “connect-the-dots”: i.e. use linear 10 PS
interpolation 0.9 *

0.8 *

This approach was used previously in the *

literature (1. Burns and Sung, Chemical 07 o«

Engineering Education, Winter 1996 & 0.6 *

2. Mathias, Chemical Engineering Progress, 05

December 2009)
0.4 )\

For closely-spaced data with minimal 03 1 ¢

experimental error, this approach would be 02 ®

acceptable, but in the present case (and in '

general), it gives odd results, particularly e
0.0 ®

near x =0.1.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

McCabe-Thiele Diagrams: John L.'G@ssage



e Alternatives to Hand-Drawing
)E,,ﬁ.;“';;::.?. Equilibrium Curve: Thermodynamics

Use a Thermodynamic Property Method Thermodynamic Property Methods: Aspen v8.8

No thermodynamic property method
works for every case

Here, the gamma models (solid lines)
work reasonably well (but don’t
compensate for data error)

= Wilson

NRTL
UNIFAC

Here, EOS models (dashed lines) are very UNIQUAC
poor choices (due to nonideality of - = - Ideal
EtOH-Water mixture) Peng-Rob
----- RK-Soave
& Data

gy
§2>

Other???

MecCabe-Thiele Diagrams: John L."G@ssage



Alternatives to Hand-Drawing

: oiein Equilibrium Curve: NCS
3. Use “normal” Cubic Splines (NCS) 10
0.9
This approach is problematic: the o
requirement that NCS’s pass smoothly
through every data point magnifies data 07 .
error: here it gives physically-unrealizable 0.6
results near x = 0.2. 05
Other, more subtle, problems with NCS: o Py
* Requires simultaneous solution of N 03 | ¢
linear equations T 4
* Thus errors in data affect ALL results )4
* Must select an “end case”: what e
happensatx=0& x =1? 00 ¢

0.0 0.1 0.2 0.3 0.4 0.5

McCabe-Thiele Diagrams: John L.'G@ssage
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Alternatives to Hand-Drawing
épmw Equilibrium Curve: CBS

4. Use Cubic B-Splines (CBS) to “connect” the equilibrium data points smoothly

CBS’s don’t pass through the actual data points (x;y;) but instead they pass through “knots”

(XK, YK;) that are NEAR, but not necessarily ON, the data points. The knots are defined as follows:
XK] = (xj_1 +4- x]- + x]-+1)/6
YK; = (¥yj-1+4-Yj +¥j+1)/6

Between the knots, the CBS is defined parametrically in terms of u (where 0 < u < 1):
(1—u)3-x]-_l+(3-u3—6-u2+4)-x]-+(—3-u3+3-u2+3'u+1)-x]-+1+u3 “ X2

%) = 6 6 6 6
1-w?-yq4 B-uP-6-u"+4)y; (3-w+3-u?+3-u+1) -y U - Y
yj(u)z c + c + 6 + 6

Thus x,(0) = XK;, x,(1) = XK;,,, y,(0) = YK;, and y,(1) = YK;,,, ensuring a smooth, continuous curve.



| - Alternatives to Hand-Drawing
”1‘..&’ Equilibrium Curve: CBS (cont’d)

1.0 - f
0.9 - +
+
0.8 - .’
Augmenting equilibrium data points with 0 | -+
three (0,0) points at beginning and three ' + o
(1,1) points at end ensures curve will pass 0.6 1 +
precisely through (0,0) and (1,1). 05 - *""
. 04 | ¥
red diamonds: equilibrium data +
black crosses: knots 03 714
proposed equilibrium curve 0.2 :
0.1 -
o.oI

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

MecCabe-Thiele Diagrams: John L."G@ssage



0.7

1 | vK,;=0.64783

X="?

y=0.63688

YK,,=0.60033

0.5 A

x=0.56584
y=0.63688

. Drawing Equilibrium Stages using CBS

Blow-up during construction of stage #19
Here, from the preceding stage, y = 0.63688

Need to determine the value of x (on the
oreen equilibrium curve) in equilibrium with

this y value

Get this x value by using two Visual Basic for
Applications (VBA) user-defined functions:
FXBS and FXCubic.




7. Drawing Equilibrium Stages using
éﬁ, ...ee,;::,% CBS: Step 2

Igduc
Parametric equation definition of y(u): the y-value of the CBS:
(1—u)3-yj_1+(3-u3—6-u2+4)-y]-+(—3-u3+3-u2+3-u+1)-yj+1+u3-yj+2
6 6 6 6

Yj(u) =
Now if we know y(u) is a given value, v, we can rearrange this to produce this cubic equation in u:

ay-ud+b,-ut+c,cu+d, =0
where
==Yji-1+3:Yi—3:¥j11 1+ Yj+2
by=3:¥j-1—6-y+3:Yj1
Cy = —=3:¥j-11+3:Yj+1
dy=yj_1+4-yj+y]-+1—6-v

Note that a corresponding cubic equation exists when x;(u) is known.



= User-Defined Functions:
iz FXBS and FXCubic

FXBS(DVrange As Range, IVrange As Range, IVvalue As Double) As Double

Applies the Cubic B-Spline method to smooth and fit equilibrium data to an equilibrium curve. Uses FXCubic.
Inputs:

1. DVrange: Equilibrium Data’s Dependent Variable range (Location on Spreadsheet)

2. IVrange: Equilibrium Data’s Independent Variable range (Location on Spreadsheet)

3. IVvalue: Independent Variable value

Output: Value of the Dependent Variable when the Independent Variable’s value is IVvalue. If IVvalue < 0, then
FXBS returns the Azeotrope.

Example: FXBS(xdata,ydata,0.636879)= 0.420678, where “xdata” and “ydata” are locations of x & y data points

FXCubic(a As Double, b As Double, c As Double, d As Double, xlow As Double, xhigh As Double) As Double
Finds a real root of a cubic equation defined by
a-x3+b-x*+c-x+d=0
Inputs: Coefficients of the Cubic Equation and desired output range (between “xlow” and “xhigh”)
Output: Real Root of the Cubic Equation, if possible between “xlow” and “xhigh”
Method: uses Tschirnhaus transformation to form depressed cubic, then solves using the trigonometric method
of Francois Viete via implementation of a method from http://www.1728.org/cubic2.htm.
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7. Drawing Equilibrium Stages using
CBS: Step 3

Edu’
1 | YK5=0.64783
o /
YK,,=0.60033
x=0.56584
y=0.63688
0.3 0.4 0.5 0.6

0.7

1.
2.

Given y = 0.636879 in the FXBS function
Find “j”: the CBS section containing this y:
here, j =12, since YK;; >y > YK,

Look up the values y; ; = 0.5314, y; =
0.6047, y;,; = 0.6518, and y;,, = 0.6751
Calculate the cubic equation coefficients:
a,=0.002400, b,=-0.078600, ¢,=0.361200,
d,=-0.219274

Use the FXCubic function to find the
appropriate root: u=0.716274

Look up the values x; ; = 0.1394, x; =
0.3261, x;,; = 0.4635, and x;,, = 0.5413
Calculate the value x = 0.420678

Drop vertically to the red operating line
using x = 0.420678 to get the nexty
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0.98 -

0.96 -

0.94 -

0.92 -

0.90 -

0.88 -

0.86 -

0.84 -

0.82 -

0.80 -

0.78 -

0.76

X<y
0.84015,
0.84738

X<y
0.77165,
0.79880

8. Find Azeotrope

X>y
0.90460,
0.90363

X>y
0.96235,
0.96113

Azeotrope:
0.88924,
0.88924

0.76 0.78 0.80 0.82 0.84 0.86 0.88 090 0.92 094 0.96 0.98

Expansion at High EtOH Concentrations
Knots with x <y
Knots with x >y
where x =y (so the

equilibrium curve crosses the 45° line)

Find Azeotrope by Solving This Cubic for u:

(ay —ay) - u+ (b, — by) - u? +
(cy—cx)-u+(dy—dx)=0

and then Azeotrope = x,(u) = y,(u)
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Easy Method to Draw Excel Plots:

Label adjacent columns, one for
each plot line

Put all “x” values in a single column
Align column values with
corresponding “x” values, leaving
other “x” values blank

Select all the data, then
Insert/Chart

Format the Chart as Desired

McCabe- Thlele Diagrams: John L. GOSsSage



pZ D

Putting it all together in Excel:

Range

xb < zf < xd

> -RR

f<xd<1

0 < xb < zf

O<n<1

if present, else 0

Intersection of feed

line with op lines

N <50

A £ g1 Catto"
Inputs
zf 0.1
q 0.8
xd 0.85
xb 0.01
RR 3
M 1
Outputs
Azeo. 0.88924
xf 0.06053
yf 0.25789
Stages 22.53015
Nf 21

Feed Stage

1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

McCabe-Thiele Diagrams: John L. ‘G0ssage

45° line

= Rect line
e Strip line
e Feed line
e E line
— Stages
Distillate
Feed
Bottoms
¢ Orig Data

Azeotrope
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“What if?” Analysis in Excel:
What RR is needed for N=30 stages?

Use “Solver” | Inputs 10
Set “N” to Value of 30 |zf 0.1)] o9
Change “RR” q 0.8l o
{xd o8slf
Ed xb A];
RR 2.482797[p 06
= |N 1} o5
0.4
Outputs 03
Azeo 0.88924|| 0.2
xf 0.05431f| o,
yf 77
Stages < 29.99997 ' 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Nf 28

0.9

1.0

45° line

Rect line

Strip line

Feed line

Eq line

Stages

-------- Distillate

........ Bottoms
& OrigData
—{1— Azeotrope

Imagine how long drawing this by hand would take!

McCabe-Thiele Diagrams: John L. Gossage



A% eD Conclusions:
/‘é z:luc"tio“ Microsoft Excel with Visual Basic for Applications can calculate and display the
McCabe-Thiele diagram for a nonideal binary distillation, given:
1. equilibrium x-y data
2. feed conditions
3. desired tops and bottoms purities
4. reflux ratio

Using the cubic B-spline method, the algorithm presented:
1. automatically smooths and fits the equilibrium data to an equilibrium curve
2. finds an azeotrope, if present

Outcome: quick and easy method to produce McCabe-Thiele diagrams for
nonideal binary distillation

Acknowledgments: Colleagues Peyton Richmond (suggesting the CBS method)
and Daniel Knight (thermodynamic help).



